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Abstract
A characterization of regular homogeneous elements in modp cohomology algebras of finite
groups will be given in terms of transfer maps defined by modules, which are introduced by Carlson,
Peng, and Wheeler [J. Algebra 204 (1998) 286–311].
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1. Introduction
The transfer maps for extension groups of finite groups have been generalized by
Carlson, Peng, and Wheeler [4]. Let G be a finite group and let k be a field. Let M , N , and
W be kG-modules. Assume that the module W is finitely generated. Then the transfer map
defined by the module W is a linear map
TrW : Ext∗kG(M ⊗W,N ⊗W)−→ Ext∗kG(M,N).
When W = kGH , where H is a subgroup of G, the image of the transfer map TrW
coincides with that of the usual transfer map trGH : Ext∗kH (M,N)→ Ext∗kG(M,N). One of
the importance of this generalized transfer map is that the projectivity of modules relative
to the kG-module W is characterized by transfer map: a kG-module M is W -projective
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TrW : HomkG(M ⊗W,M ⊗W)→ HomkG(M,M).
[4, Proposition 4.1] implies that if a homogeneous element ρ in the cohomology algebra
H ∗(G, k) is regular, then the transfer map
TrLρ : Ext∗kG(Lρ,Lρ)−→ Ext∗kG(k, k)
defined by the Carlson moduleLρ of the element ρ is the zero homomorphism. In this note
we shall prove that the converse does hold.
Theorem 1. Let G be a finite group and let k be a field of characteristic p > 0 dividing
the order of G. A homogeneous element ρ in the cohomology algebra H ∗(G, k) is
regular if and only if the transfer map TrLρ : Ext∗kG(Lρ,Lρ)→ Ext∗kG(k, k) is the zero
homomorphism.
The sufficiency follows from the theorem below.
Theorem 2. Let M and N be kG-modules. If an element ρ in Hr(G,k), where r > 0,
annihilates an element ϕ in ExtnkG(M,N), then the element ϕ is an image of the transfer
map TrLρ : ExtnkG(M ⊗Lρ,N ⊗Lρ)→ ExtnkG(M,N).
We would like to prove the theorem above in slightly more general form. See Theorem 5
in Section 2.2.
It would be interesting to study conditions for transfer maps defined by finitely
generated kG-modules to be zero homomorphisms. In fact, a condition in terms of the
cohomology varieties of modules was given in [4]. Let k be an algebraically closed field
of characteristic p. For G a finite group and M a finitely generated kG-module the
symbol XG(M) denotes the maximal ideal spectrum of the cohomology algebra H ∗(G, k)
defined by the kernel of the homomorphism −⊗ 1M : Ext∗kG(k, k)→ Ext∗kG(M,M). The
proposition is the following.
Proposition 3 [4, Proposition 4.2]. Let k be an algebraically dosed field of characteristic
p dividing the order of G. Let P be a Sylow p-subgroup of G and let W be a finitely
generated kG-module. If res∗G,Z(P )(XZ(P )(k))XG(W), then TrW(Ext∗kG(W,W))= 0.
The proposition above was proved by using [4, Proposition 4.1] together with the fact
that the condition on the module W implies that there exits an element in the annihilator of
Ext∗kG(W,W) in the cohomology algebra H ∗(G, k) restricting to a nonnilpotent element
in the center of P , which is regular in H ∗(G, k).
Subgroup theorem (see, for example, [5, Corollary 9.3.3] or [1, Corollary 5.7.9]) implies
that the condition that res∗G,Z(P )(XZ(P )(k))  XG(W) is equivalent to the condition that
the module W is projective over some cyclic shifted subgroup of the center of P . Our next
aim of this note is to show that the proposition above can be proved without appealing to
the existence of a regular element in the annihilator of Ext∗ (W,W).kG
318 H. Sasaki / Journal of Algebra 264 (2003) 316–326Theorem 4. Let G be a finite group and let k be an algebraically closed field of
characteristic p > 0 dividing the order of G. Let W be a finitely generated kG-module.
Assume that the module W is projective over a subgroup T which is either a p-subgroup
being normal in a Sylow p-subgroup or a cyclic shifted subgroup of the maximal
elementary Abelian subgroup of the center of a Sylow p-subgroup. Then the transfer map
TrW : Ext∗kG(W,W)→ Ext∗kG(k, k) is the zero homomorphism.
As an application of the theorem above, conversely to the argument in [4], we can get
another proof of the following well-known fact.
Example 1. If an element ρ in the cohomology algebraH ∗(G, k) restricts to a nonnilpotent
element in the center of a Sylow p-subgroup of G, then the element ρ is regular.
Notation. We have denoted and shall denote by TrW the transfer map defined by a finitely
generated kG-module W ; in [4], however, the transfer map was denoted by TrW . The
reason why we would like to write W as a superscript will be found in Appendix A. Other
symbols are standard. We refer the reader to [1,2,5].
2. Proofs
2.1. Proof of Theorem 2
Theorem 2 is a direct consequence of Theorem 5 below. To state the theorem, we
generalize the notion of Carlson modules of homogeneous elements of cohomology
algebras H ∗(G, k). Namely, we would like to define Carlson modules for homogeneous
elements of extension group Ext∗kG(M,N) of kG-modules M and N . Our definition
below applies to not necessarily finitely generated modules. Hence let us fix, following
Rickard [6], some symbols for modules. Let Mod(kG) denote the category of (not
necessarily finitely generated) right kG-modules and StMod(kG) the stable category. The
set of morphisms from M to N in StMod(kG) is denoted by HomkG(M,N). If f is a kG-
homomorphism from M to N , then the morphism from M to N in StMod(kG) containing
f is denoted by f . For M a module in Mod(kG) let M be the kernel of an epimorphism
from a projective module to M , which is, in StMod(kG), independent of the choice of
epimorphism. Dually we can define −1M to be the cokernel of a monomorphism from
M to an injective module. For n > 1 we define
nM =(n−1M), −nM =−1(−n+1M).
We also let 0M =M .
Definition. Let M and N be kG-modules. Let ρ be a homogeneous element in
Ext∗kG(M,N) of degree r . Suppose that ρ = 0. If r > 0, then the element ρ is represented
by a kG-homomorphism ρˆ :rM → N . If r = 0, the element ρ is identified with
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distinguished triangle
rM
ρ−→N f−→ L g−→r−1M
in the stable category StMod(kG). Let us define Lρ to be the projective free part of L.
Then we can get exact sequences
0−→ Lρ −→rM ⊕ P ρˆ
′
−→N −→ 0,
0 −→N f−→−1Lρ ⊕P ′ g−→r−1M −→ 0,
where P and P ′ are projective kG-modules and
ρˆ′|rM ≡ ρˆ (mod projective kG-homomorphisms).
The extension
Eρ : 0 −→N −→−1Lρ ⊕P ′ −→r−1M −→ 0
corresponds to the element in Ext1kG(r−1M,N) under the isomorphism
ExtrkG(M,N) Ext1kG
(
r−1M,N
)
if r > 0.
When ρ = 0, let us define Lρ to be the projective free part of rM ⊕N .
For a subgroup H of G we have
Lρ |H ≡ LresH ρ (mod projective).
Let M , N , and U be kG-modules. Let ρ be an element in ExtrkG(M,N); we obtain the
extension
Eρ : 0 −→N −→−1Lρ ⊕ P −→r−1M −→ 0.
In the long exact sequence
0 −→ Ext0kG
(
r−1M,U
)−→ Ext0kG
(
−1Lρ ⊕P,U
)−→ Ext0kG(N,U)
δ−→ Ext1kG
(
r−1M,U
)−→ · · · −→ ExtnkG(N,U) δ−→ Extn+1kG
(
r−1M,U
)−→ · · ·
associated with the extension Eρ above, the connecting homomorphism
δ : Extn (N,U)−→ Extn+1(r−1M,U)kG kG
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·ρ : ExtnkG(N,U)−→ Extn+rkG (M,U)
by the element ρ through the isomorphism Extn+1kG (r−1M,U) Extn+rkG (M,U) if n > 0
or r > 0. If, on the other hand, n= r = 0, then the connecting homomorphism
δ : Ext0kG(N,U)−→ Ext1kG
(
−1M,U
)
is right multiplication ·ρ : HomkG(N,U)→ HomkG(M,U) followed by the natural epi-
morphism of HomkG(M,U) to HomkG(M,U), which is isomorphic with Ext1kG(
−1M,U)
Translating the extension Eρ , we obtain the following extension:
E′ρ : 0 −→1−rN −→−rLρ ⊕Q−→M −→ 0,
where Q is a projective kG-module. In the long exact sequence
0 −→ Ext0kG
(
U,1−rN
)−→ Ext0kG
(
U,−rLρ ⊕Q
)−→ Ext0kG(U,M)
δ−→ Ext1kG
(
U,1−rN
)−→ · · · −→ ExtnkG(U,M) δ−→ Extn+1kG
(
U,1−rN
)−→ · · ·
associated with the translated extension E′ρ above, the connecting homomorphism
δ : ExtnkG(U,M)−→ Extn+1kG
(
U,1−rN
)
is identified with left multiplication
ρ· : ExtnkG(U,M)−→ Extn+rkG (U,N)
by the element ρ through the isomorphism Extn+1kG (U,1−rN)  Extn+rkG (U,N) if n > 0
or r > 0. If, on the other hand, n= r = 0, then the connecting homomorphism
δ : Ext0kG(U,M)−→ Ext1kG(U,N)
is left multiplication ρ· : HomkG(U,M)→ HomkG(U,N) followed by the natural epimor-
phism of HomkG(U,N) to HomkG(U,N), which is isomorphic with Ext1kG(U,N).
Now our theorem is the following.
Theorem 5. Let M , N , and U be kG-modules. Assume for an element ρ in ExtrkG(M,N)
and an element ϕ in ExtnkG(N,U) that ϕρ = 0 (if r = n= 0, then we assume that ϕρ is a
projective homomorphism).
(i) If M and N are finitely generated, then the element ϕ is an image of the transfer map
TrLρ : Extn (N ⊗Lρ,U ⊗Lρ)→ Extn (N,U).kG kG
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TrLϕ : ExtrkG(M ⊗Lϕ,N ⊗Lϕ)→ ExtrkG(M,N).
Proof. Suppose that M and N are finitely generated. Let
Eρ : 0−→N f−→−1Lρ ⊕ P g−→r−1M −→ 0
be the extension corresponding to the element ρ in ExtrkG(M,N). Here P is a projective
kG-module. Let −1Lρ ⊕ P =X. Note that the Carlson module Lρ is finitely generated.
The moduleX is Lρ -projective. We set L= Lρ and fL = f ⊗1Lρ . Applying ExtkG(−,U)
to the extension Eρ above, we obtain the following commutative diagram:
· · · ExtnkG(X,U)
f ∗
ExtnkG(N,U)
·ρ
Extn+rkG (M,N) · · ·
· · · ExtnkG(X⊗L,U ⊗L)
fL
∗
TrL
ExtnkG(N ⊗L,U ⊗L)
TrL
· · ·
of long exact sequences. Because ϕρ = 0, we can take an element ξ in ExtnkG(X,U) for
which f ∗(ξ) = ϕ. The transfer map TrLρ : ExtnkG(X ⊗ Lρ,U ⊗ Lρ)→ ExtnkG(X,U) is
epimorphic since the module X is Lρ -projective. Hence there exists an element ξ0 in
ExtnkG(X⊗Lρ,U ⊗Lρ) such that
TrLρ (ξ0)= ξ.
Then the commutativity of the diagram above implies our assertion (i).
A similar argument to the above implies our second assertion. ✷
Example 2. Using Theorem 2, we can give another proof for Proposition 4.7(ii) of Carlson
and Peng [3].
Let M and N be kG-modules. If an element ϕ in ExtrkG(M,N) is annihilated by
homogeneous elements ρ1, . . . , ρt in Ext∗kG(k, k), then, putting W = Lρ1 ⊗ · · · ⊗ Lρt , the
power ϕt is an image of the transfer map TrW : ExtrtkG(M ⊗W,N ⊗W)→ ExtrtkG(M,N).
Indeed, Theorem 2 implies that there exists an element αi in ExtrkG(M ⊗ Lρi ,N ⊗ Lρi )
such that ϕ = TrLρi (αi). Then we have by Carlson et al. [4, Proposition 3.4] that
ϕt =
t∏
i=1
TrLρi (αi)= TrW(α1 ∪ · · · ∪ αt).
In particular, if for M a kG-module the extension group Ext∗kG(M,M) is annihilated by
homogeneous elements ρ1, . . . , ρt , then we see that the identity map 1M is an image of the
transfer map TrW so that the module M is W -projective.
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versely, [4, Proposition 4.1] implies for every W -projective module M that the extension
group Ext∗kG(M,M) is annihilated by ρ1, . . . , ρt .
2.2. Proof of Theorem 4
In this section all kG-modules considered are finitely generated. To prove Theorem 4,
we need a lemma. Let I be an ideal of the group algebra kG and let A = kG/I . For an
A-module X and an integer n  0, we let nAX denote the nth syzygy of X over the
algebra A. Let M be an A-module. Let
0 −→nAM −→n−1 −→ · · · −→Q0 −→M −→ 0
be a minimal projective resolution of the A-module M . Regarding M as a kG-module
through the natural epimorphism kG→A, let
0 −→nM −→ Pn−1 −→ · · · −→ P0 −→M −→ 0
be a minimal projective resolution of M over kG. Lifting the identity map of M to a chain
map, we obtain the following commutative diagram:
0 nM
γn
Pn−1 · · · P0 M 0
0 nAM n−1 · · · Q0 M 0.
Lemma 6. Let W be a kG-module. Let I be an ideal in the group algebra kG such that
(kG/I) ⊗ W is projective. Set A = kG/I . Then for an arbitrary A-module M and an
arbitrary W -projective module R it holds, with the notation above, that
γ ∗n : HomkG
(
nAM,R
) ∼−→ ExtnkG(M,R).
Proof. Taking dual of the commutative diagram above, we obtain the following:
0 M∗ P ∗0 · · · P ∗n−1 nM∗ 0
0 M∗ Q∗0 · · · Q∗n−1 nAM∗
γ ∗n
0.
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0 M∗ ⊗R P ∗0 ⊗R · · · P ∗n−1 ⊗R nM∗ ⊗R 0
0 M∗ ⊗R Q∗0 ⊗R · · · Q∗n−1 ⊗R nAM∗ ⊗R
γ ∗n⊗1R
0.
Because R is W -projective and Q∗i is projective over A, the tensor product Q∗i ⊗ R is
A⊗W -projective. By our assumption the tensor product A⊗W is projective, whence so
is the tensor product Q∗i ⊗R. Namely the bottom row of the diagram above is an injective
resolution of the module M∗ ⊗R. In particular, it holds that
nM∗ ⊗R =nAM∗ ⊗R (mod projective).
Therefore we have an isomorphism
γ ∗n ⊗ 1R :0
(
nAM
∗ ⊗R) ∼−→0(nM∗ ⊗R)
and thereby
γ ∗n : HomkG
(
nAM,R
)
/(projectives) ∼−→ ExtnkG(M,R),
as desired. ✷
Now let us proceed to prove Theorem 4.
Proof of Theorem 4. We may assume that the group G is a p-group, because if for P a
Sylow p-subgroup of G, TrW(Ext∗kP (W,W))= 0, then TrW(Ext∗kG(W,W))= 0.
Let I = (radkT )kG, which is an ideal in kG and annihilates the trivial module k. Let
A= kG/I . Let T̂ =∑x∈T x and U = T̂ kG. Notice that the module U is isomorphic with
A as kG-modules. First let us show that:
(i) the tensor product W ⊗U is projective over kG;
(ii) the tensor product W ⊗W∗ is projective over kT ;
(iii) the group T acts trivially on nAk.
When the subgroup T is normal in G, the assertions above hold trivially. We assume
that the subgroup T is a cyclic shifted subgroup of E =1Z(P). Let E have rank r and
let E = 〈g1, . . . , gr 〉. For α = (α1, . . . , αr ) a vector in kr we let vα =∑ri=1 αi(gi − 1) and
T = 〈1 + vα〉. Let V = T̂ kT ⊗kT kE. Then we see that W ⊗ U  (WE ⊗ V ) ⊗kE kG.
Therefore to show that the tensor product W ⊗U is projective over kG, it will suffice to
show that WE ⊗ V is projective over kE. Let us consider the rank varieties, which we
denote by XrE(·). It holds that XrE(WE⊗V )=XrE(WE)∩XrE(V ) and that XrE(V )= {λα |
λ ∈ k}. On the other hand, the module W is projective over T = 〈1+ vα〉 so that the vector
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r
E(WE)∩XE(V )= {0}.
Namely, the module WE ⊗ V is projective over kE.
Next let us show that the tensor product W ⊗W∗ is projective over kT . Consider again
the rank variety. The vector α does not belong to XrE(W) = XrE(W ⊗W∗). Namely the
tensor product W ⊗W∗ is projective over T = 〈1+ vα〉.
The ideal I annihilates the A-module nAk so that the group T acts trivially on 
n
Ak.
Now we are in a position to prove the theorem. For an arbitrary element ϕ in
ExtnkG(W,W) the transfer Tr
W ϕ is represented by the composite αW ◦ f :nk → k of
a homomorphism f :nk → W ⊗ W∗ and the evaluation map αW :W ⊗ W∗ → k. Let
γn :
nk→ nAk be a kG-homomorphism defined as in the beginning of this subsection.
Lemma 6 together with the fact (i) above implies that there exist a kG-homomorphism
g :nAk→W ⊗W∗ such that
f ≡ gγn (mod projective maps).
Let us show for an arbitrary kG-homomorphism h :nAk→W ⊗W∗ that the composite
αW ◦ h :nAk → k is the zero homomorphism. Because the tensor product W ⊗ W∗ is
projective over T and the relative syzygy nAk is trivial over T , the image h(nAk) is
contained in the T -invariant subspace of the projective kT -moduleW ⊗W∗. Therefore we
see that
h
(
nAk
)⊂ InvT (W ⊗W∗)⊂ rad(W ⊗W∗)T and αW
(
h
(
nAk
))= 0.
Moreover, the composite αW and a projective map is the zero homomorphism.
Thus we can conclude that TrW ϕ = 0, as desired. ✷
Proof of Example 1. Let P be a Sylow p-subgroup of G and E =1Z(P). If the element
ρ restricts to a regular element in P , then the element ρ is regular in H ∗(G, k); we may
assume that G= P . If the restriction resZ(P ) ρ is not nilpotent, then the restriction resE ρ
in E is not nilpotent; therefore the element ρ restricts to a nonnilpotent element in a
cyclic shifted subgroup T of E. Then the Carlson module Lρ is projective over T . Hence
Theorem 4 implies that TrLρ : Ext∗kG(Lρ,Lρ)→ Ext∗kG(k, k) is the zero homomorphism.
Theorem 1 shows that the element ρ is regular. ✷
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Appendix A. Transfers and restrictions
Let M , N , and W be kG-modules. Suppose that W is finitely generated. The linear map
−⊗ 1W : HomkG(M,N)−→ HomkG(M ⊗W,N ⊗W), f −→ f ⊗ 1W,
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linear map −⊗1W : Ext∗kG(M,N)→ Ext∗kG(M⊗W,N ⊗W). In [1, Section 5.7] the map−⊗1M : Ext∗kG(k, k)→ Ext∗kG(M,M) is denoted by ΦM and the image of ζ in Ext∗kG(k, k)
is denoted by ζM . The linear maps −⊗1W : Ext∗kG(M,N)→ Ext∗kG(M⊗W,N⊗W) have
frequently been used, and therefore, are so important especially in the theory of relative
projectivity (see, for example, [2,4]).
Definition A.1. Under the notation above let us call the linear map
−⊗ 1W : Ext∗kG(M,N)−→ Ext∗kG(M ⊗W,N ⊗W)
the restriction map defined by the module W and denote by ResW .
Let us denote by ϕW the image of ϕ in Ext∗kG(M ⊗W,N ⊗W) under the transfer map
TrW and by ζW the image of ζ in Ext∗kG(M,N) under the restriction map ResW . Let L
and U be kG-modules. Then, as was frequently used in [4], it holds for an element η in
ExtrkG(L,M), an element ζ in Ext
s
kG(M ⊗W,N ⊗W) and an element ξ in ExttkG(N,U)
that (ζW · η)W = ζW · η, (ξW · ζ )W = ξ · ζW . These formulae could be called Frobenius
reciprocity law.
We note that the relationship between the restriction map ReskGH , where H is a subgroup
of G, and the usual restriction map resH : Ext∗kG(M,N)→ Ext∗kH (M,N).
Definition A.2 (Carlson, Peng, and Wheeler [4]). Let M and N be kG-modules and let H
be a subgroup of G. Let us define linear maps
φ : HomkH (M,N)−→ HomkG
(
M ⊗ kGH ,N ⊗ kGH
)
and
ψ : HomkG
(
M ⊗ kGH ,N ⊗ kGH
)−→HomkH (M,N)
as follows. Let {t1 = 1, t2, . . . , tn} be a complete set of representatives of the left cosets
H\G= {Ht | t ∈G}. Then
φ :g −→ [gˆ :a⊗ 1⊗ ti −→ g(at−1i
)
ti ⊗ 1⊗ ti
]
, ψ :f −→ [f ′ :a −→ b11],
where f (a⊗ 1⊗ t1)=∑i bi1 ⊗ 1⊗ ti . These maps induce linear maps between extension
groups, which are also denoted by φ and ψ .
It is shown in [4, Proposition 3.1] that TrkGH ◦ φ = trGH and Trk
G
H = trGH ◦ψ . In particular,
it holds that TrkGH (Ext∗kG(M ⊗ kGH ,N ⊗ kGH ))= trGH(Ext∗kH (M,N)).
On the other hand, we have, for the restriction maps, the following formulae:
ReskGH = φ ◦ resH , ψ ◦ReskGH = resH .
For this reason we would like to call −⊗ 1W : Ext∗kG(M,N)→ Ext∗kG(M ⊗W,N ⊗W)
the restriction map.
326 H. Sasaki / Journal of Algebra 264 (2003) 316–326We also remark that we have the following commutative diagram, which is used also
in [4]:
ExtrkG(M ⊗W,N ⊗W) Tr
W
ResX
ExtrkG(M,N)
ResX
ExtrkG(M ⊗W ⊗X,N ⊗W ⊗X)
TrW
ExtrkG(M ⊗X,N ⊗X).
We would like to call this Mackey formula, because from this formula we can recover
the usual Mackey double coset formula.
The formula trGH ◦ resH(ζ )= |G :H | · ζ for an element ζ in Ext∗kG(M,N) can also be
recovered from the formula TrW ◦ResW(ζ )= dimW · ζ .
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